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Abstract

The equations for predicting the number-average molecular weight are derived on the basis of the three stage polymerization model
(TSPM) in this paper. By applying the equations, a plotting approach is proposed to determine the apparent initiator efficiency defined as
fl(eqq + 1)/2] and the constant of chain transfer to monomer, where f'is the initiator efficiency and a4 denotes the fraction of the termination
rate constants by disproportionation. Using the approach to plot the experimental data in the literature, it is found that the chain transfer to
monomer can be neglected for both methylmethacrylate (MMA) and styrene (St) polymerizations, but it can exert a significant effect on
ethylmethacrylate (EMA) polymerization. In addition, the apparent initiator efficiency is found to be independent of reaction temperature and
initiator concentration at each stage. The values of f[(aq + 1)/2] at gel effect stage are slightly reduced as compared with that at low
conversion stage for MMA and EMA polymerizations. However, it decreases significantly at gel effect stage for St polymerization. Using the
equations derived and the apparent initiator efficiencies obtained from TSPM plots, the number-average molecular weights at different
conversions can be predicted. Comparisons show that the agreement between predictions and experimental data is satisfactory. © 2002

Elsevier Science Ltd. All rights reserved.
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1. Introduction

In order to predict the number-average molecular weight,
it is necessary to know the constants of chain transfer to
monomer and to initiator, the initiator efficiency and the
reaction rate constants. Unfortunately, there were only
some data available in the literature for low conversion
and almost no such data for high conversion. Some investi-
gators [1,2] considered the initiator efficiency to be a
constant throughout the polymerization. However, a theo-
retical study of Russell et al. [3] on initiator efficiency
showed that the initiator efficiency at intermediate con-
version was slightly reduced compared to that at low
conversion and it was decreased drastically in many orders
of magnitude when the conversion was beyond a certain
conversion. Since the conclusion of Russell et al. [3] was
examined only by methylmethacrylate (MMA) bulk poly-
merization at 50 °C, it is very important to know whether the
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conclusion is applicable for different reaction temperatures
and other monomer systems. Again, a recent study by
Tefera et al. [4] also showed that it was necessary to
consider the rapid decrease of initiator efficiency at high
conversion. Relatively, the viewpoints on chain transfer to
monomer and to initiator were consistent with each other in
the literature. It was found that the chain transfer to initiator
could be neglected when azobisisobutyronitrile (AIBN) was
used as initiator [5]. The chain transfer to MMA and styrene
(St) could also be neglected [5], but the chain transfer to
ethylmethacrylate (EMA) might exert a significant effect on
EMA polymerization [6]. However, it is still unknown
whether the constants of chain transfer to monomer are
about the same at different polymerization stages since
there are no such experimental data available in the
literature.

In order to study the variation of the number-average
molecular weight with conversions and the questions
mentioned earlier, the equations to predict the number-
average molecular weight will be derived in this paper
based on the three stage polymerization model (TSPM)
[7]. In addition, an approach is proposed to determine the
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Nomenclature

Cn constant of chain transfer to monomer

f initiator efficiency

f apparent initiator efficiency

[7] initiator concentration (mol/l)

1]y initial initiator concentration (mol/l)

kq initiator decomposition rate constant (minfl)

ky chain propagation rate constant (I/mol min)

ki chain termination rate constant by combination
(1/mol min)

ki chain termination rate constant by disproportio-
nation (I/mol min)

ke m rate constant of chain transfer to monomer (1/
mol min)

K overall reaction rate constant

[M] monomer concentration (mol/I)

[M], initial monomer concentration (mol/I)
[M*] free radical concentration (mol/l)
M, ,=,1 cumulative number-average molecular weight at

X =X

M —x» cumulative number-average molecular weight at
X =X

Tm monomer density (g/1)

f chain initiation reaction rate (mol/l min)
chain propagation reaction rate (mol/l min)

R chain termination reaction rate by combination
(mol/l min)

Ry chain termination reaction rate by disproportio-
nation (mol/l min)

Rym reaction rate of chain transfer to monomer (mol/
1 min)

t temperature (°C)

X conversion

X critical conversion transferred from low conver-
sion stage to gel effect stage

X critical conversion transferred from gel effect
stage to glass effect stage

w molecular weight of monomer

Qg fraction of chain termination rate constant by
disproportionation

0 time (min)

0, time transferred from low conversion stage to
gel effect stage (min)

0, time transferred from gel effect stage to glass
effect stage (min)
Subscripts

1 low conversion stage
gel effect stage

3 glass effect stage

apparent initiator efficiency and the constant of chain trans-
fer to monomer at different polymerization stages.

2. Equations for predicting number-average molecular
weight

According to the TSPM [7], the equations for predicting
the number-average molecular weight can be derived based
on the kinetic mechanism of classical free radical polymer-
ization. The following is an example to illustrate the deriva-
tions of such equation for free radical bulk polymerization
using AIBN as initiator.

Based on the theory of classical free radical polymeriza-
tion, the cumulative number-average molecular weight, M,,,
is given by

M, = Pw ey
where w is the molecular weight of the monomer and P, is

the cumulative number-average polymerization degree
which can be expressed as

Ml
J —d[M]
1 o pa @
Py = {M] — M]}

Since the chain transfer to initiator can be neglected for the
case of the initiator AIBN [5], the instantaneous number-

average polymerization degree, p,, can be given by

1 — (thlz) + Rld + Rtr,m

Pn R,

(ke + 2k)IM* T + kg [M1IM]
ko [M*1[M]

_ (ke +2k)IM T | K 3)

ko[M] k,

where R, and R4 are the chain termination rates by combi-
nation and disproportionation, respectively, Ry, is the chain
transfer rate to monomer and R, is the chain propagation
rate.

According to the quasi-steady-state approximation for
free radical concentrations, the chain initiation rate, R;,
should be equal to chain termination rate, R,, therefore

R; = 2fkylI] = R, = R + Ry = 2(ky + kg)[M*)? 4
By using Eq. (4) to eliminate [M"], Eq. (3) turns to

1 ke + 2ka) ( Jka
Pn kp klc + kld

172
) [[]I/ZL + ktr,m (5)

M] K

The equations for predicting the cumulative number-aver-
age molecular weight M at three stages of polymerization
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can be derived on the basis of the TSPM [7] as in the follow-
ing sections.

2.1. Low conversion stage (x = x;)

For the low conversion stage, the following equations
were obtained in Part (1) of this study [7]

—In(1 —x) = —K;[exp(—kq0/2) — 1] (6)
and
(1] = ]y exp(kq6) (7

According to the definition of K| in Part (1) of this study [7]
and by considering that the chain termination consisted of
two parts, combination and disproportionation, K; can be
rewritten as

Jika )1/2 1/2( 2 )
K =k, [—29 ) r( = 8
: pl(ktcl + ka1 o kg ®)
Rearranging Eq. (8) yields
k 1/2 K k
( Jikq ) e = Kika ©)
kie1 + ki 2k,

Substituting Egs. (6), (7) and (9) into Eq. (5) gives

I kalker + 2kqr) (M]
Pni 2k, [IM] [M]o

(Kl + In >+le (10)

where Ci = kimi/kpi-

After being squared and rearranged, Eq. (8) can be
rewritten as
ko _ KP
ke 4filllo

By defining that oqg; = ky1/(kie1 + k1) and considering
that o = 1 — oy, the following equation is obtained.

kier + 2k = (ki1 + kg1 aqr + 1) (12)
Substituting Egs. (11) and (12) into Eq. (10) yields

I 2filaq + DUo (K I [M]
Pai K3 [M] ! [(M]

(kie1 + kiar) (11)

) + Cp (13)
0

Based on Egs. (1), (2) and (13), and defining an apparent
initiator efficiency at low conversion stage, f} = fi[(q; +
1)/2], an equation for calculating the cumulative number-
average molecular weight M, can be obtained

J'[M] ld[M]
1 — 1 — [M]y Pni — ¢ + ﬁ 14
M Paw  —M—pry O 0

where ¢, is defined as

Ay —In(l —x) 20y —1n%(1 — x)
KiMlgw — x

A VIR
(15)

It is observed from Eq. (14) that the plot of 1/M,; vs. ¢,

should be a straight line. The slope of the straight line is |
and the intercept is Cp,1/w.

2.2. Gel effect stage (x; = x = x,)

For the gel effect stage, Eq. (2) can be rewritten as

M M
J d[M] + J d[M]
_ [M]y Pni M1, Pn2 (16)

Py — ([M], — [M])

1

Similarly, the following equation was obtained at gel effect
stage in Part (1) of this study [7].

—In(1 —x) = —In(1 — x,) — Ky[exp(—k46/2)

— exp(—kq0,/2)] (17)
Using Eq. (6), the following equation can be obtained
ln[zlﬂ;l—]l In(1 — x;)
exp(—ky0,/2) = 1 + % 1+ Tl (18)

By applying Eq. (17) and a similar way as for the
low conversion stage, the instantaneous number-average
polymerization degree at this stage, p,,, may be given by

1 Rie/2) + Ry + Rymo

Pn2 Rp2
In [M]
_ 2fh(aqx + DUy 1+ In(1 — x;) L Ml
K,[M] K, K,
+ Cio (19)

where awgy = ko/(kier + kaz) and Crp = ki mo/kipo-

As it has been done for the low conversion stage,
by combining Eqgs. (1), (13), (16) and (19), and defining
an apparent initiator efficiency, f5 = fo[(aq + 1)/2], an
equation for calculating the cumulative number-average
molecular weight at gel stage, M,,, can be obtained as
follows

11 | 470 —Ind—x)
K [M]ow X

MnZ Pn2W

21l —n’(1—x) . G 1y
K3 [M]ow x w

(=)

, —n[ —*

" 4f 5 |+ In(1 — x) 1 =x
K> [M]ow K,

X
1 —
, —1n? al
4l l1—x 4 G x—x
K3 [M]ow x WX

(20)
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By applying Eq. (14), the cumulative number-average
molecular weight at the transit point from low conversion
stage to gel effect stage, M ,—,;, can be expressed as

1 _ 4f’1[1]o —In(1 — x;)
7 K\ [M]ow Xy

21y —n’(L—x) . G

21
K?[M]ow X w @h
Substituting Eq. (19) into Eq. (18) yields
1 X 1 X1 , Cuo
- - = = + — 22
Mn2 X~ X Mnl,x:xl X~ X f2¢)2 w ( )
where ¢, is defined as
—ln< 1—x )
b, = 4[I, []+ln(1—x)] 1 —x
2 Kz[M]OW Kl X — X
1—x
(=)
o, \i-x 03
K3[M]ow X — x|

As expected by Eq. (22), the experimental data at gel
effect stage should also be dropped on a straight line
in a plot of (1/M)(x/(x = x1)) = (/M) =11 /(x — X))
vs. ¢,, in which the slope of the straight line is f5 and
the intercept is Cp,/w. For the case of C,,, = 0, Eq. (22)
can be reduced as

X X

1 /
=— — —=——— =fdn 24
My My =a

where ¢, 1s defined as ¢pr = ¢p(x — x;). Under this
condition, the experimental data for the molecular weight
at gel effect stage should be again dropped on a straight line,
but it is through the origin with a slope of f5 in a plot of
(M) — (Xt/My x=x1) VS. Pp2.

2.3. Glass effect stage (x = x,)

Similarly, for glass effect stage, Eq. (2) can be rewritten
as

[M]; [M], [M]
J d[M] + J d[M] + J d[M]

1

1 Jm (M1, (M1 25)
Py = (M], — [M])
and

1 X 1 Xy , Cns
—_ - — = + 26
Mgz x—x Mp,—p x—X S35 w 26)

where 5 = fil(as + D/2],  Cins = kmslkys.
k3! (ki3 + kg3) and ¢5 is defined as

4[]y
(1—x2) (1—x)
In —In
X[l+ln(1—x1) 1 —x ] 1—x,

X3 =

¢s

K3 [M]w
Kl Kz X~ X

—1n2( 1=~ )
1 —
2[1, X 27

K32[M]0w X — X

Similarly, the experimental data at glass effect stage should
be also dropped on a straight line in a plot of (1/M,3)(x/(x —
x3)) = (/M1 2)(x2/(x — X,)) VS. ¢b3, in which the slope of
the straight line is f% and the intercept is C,3/w.

In the case of C,3 = 0, Eq. (26) can be reduced as

X X

2 /
x __® 28
My Moo f3das (28)

where ¢p3 = d3(x — x,). Again, for such case, the
experimental data should be dropped on a straight line
through the origin with a slope of f4. It is clear that the
cumulative number-average molecular weight M, for
three different stages of the polymerization can be
predicted from Egs. (14), (22) or (24) and Eq. (26) or
(28), respectively.

3. Determination of the apparent initiator efficiency and
comparison between experimental data and model
prediction

In order to process the experimental data, the density
equations for MMA, St and EMA related to temperature
are given in Table 1.

3.1. MMA bulk free radical polymerization

In order to determine the apparent initiator efficiency, it is
preferable to plot together the experimental data presented
by different investigators with the plotting approach
proposed in this paper. Unfortunately, the experimental
data of the molecular weight varying with conversions in
the literature are few and not consistent with each other.
Fig. 1 shows the experimental data measured by Balke

Table 1
The density expressions of monomer

Monomer Density ry, (g/1) Reference
MMA 973 — 1.1641 (°C) [8,9]

St 923.6 — 0.887¢ (°C) [8,9]
EMA 1081 — 3.367 (°C) [8]
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Fig. 1. Comparison of experimental data from different researchers.

and Hamielec [10] and O’Neil et al. [11] at same polymer-
ization condition. It is observed from the figure that the
difference between two sets of the data is not only in their
values, but also for the varying trend. Therefore, the data
presented by different investigators are unable to be used
together in the plot for determining the apparent initiator
efficiency.

Since the work of Balke and Hamielec [10] has been
used as a source of kinetic and molecular weight data in
a number of modeling and simulation exercises, their
data are chosen for determining the apparent initiator
efficiency and the constant of chain transfer to monomer
in this paper. By using Egs. (14), (24) and (28) to plot
the experimental data presented by Balke and Hamielec
[10], the values of the apparent initiator efficiencies and
the constants of chain transfer to monomer can be
obtained as shown in Figs. 2—4. The values of K;, K,
K3, x; and x, employed in the plots are taken from Part (1) of
this study [7].

It is observed from the figures that the apparent initiator
efficiency in each polymerization stage is independent of the

Fig. 3. Plot of data presented by Balke and Hamielec at gel effect stage.

reaction temperature and initiator concentration, which is
slightly reduced from a value of 0.54 at low conversion
stage to 0.4 at gel effect stage. At glass effect stage, it
reduces drastically in several orders of magnitude and
only equals to 0.004.

Pan [5] reviewed the studies on the fraction of the termi-
nations by disproportionation or combination in his book
and concluded that the chain termination by disproportiona-
tion played a major role for MMA polymerization when the
reaction temperature was over 60 °C. In fact, the chain
termination by combination at low conservation was usually
omitted in the literature as shown in Refs. [3,12,13]. It
means that the initiator efficiency in the literature is equiva-
lent to the apparent initiator efficiency at low conversion
stage. Therefore, the value of the apparent initiator effi-
ciency at low conversion stage obtained in this paper
should be close to the value of the initiator efficiency
reported in the literature. Stickler [12] reported that the
value of the initiator efficiency at low conversion was
0.72; Achilias and Kiparissides [13] recommended it
be 0.58 and Russell et al. [3] suggested that f; = 0.47.
Our value of the apparent initiator efficiency at low

5.0 T T T T T T d T
4_5__ MMA bulk polymerization i 0.6 ] — T T T T T T T T T 1
1 low conversion stage 054 MMA bulk polymerization |
4-0'_ . 90°C [1],20.3wt% T ] glass effect stage, f'=0.54 C =0 f=0.4 C_=0
- 35 o 90°C [1]~0.5wt% 047 " 90°C [1]=03wt% ]
T 304 e 70°C [11,=03wt% o, o 0.3 @ 90°C [1],=0.5wt% 4
| EC 25_— o 70°C [1],70.5Wt% o ;tN 02_— o 70°C [1]-0.3w% ]
- 1 & 50°C [1,203wt% . g ] o 70°C [1]=0.5wWt%
2.0 =
1 A 50°C [1,=0391wt% = 0.1 R
159 v s50°C [10.5wt% " 0.0 LI . o
1.0 ] | Z- - 1 " ’
o] f/=0.54,C,,=0 2 014 £/=0.004 C,=0 -
0.5 1 1
1 -0.2 B
0.0 : . : . . . . |
0 1 2 S 3 4 0.3 —T T T — T T T 1
(I)IXIO 0.0 0.5 1.0 1.5 20 25 3.0 35 4.0 4.5

Fig. 2. Plot of data presented by Balke and Hamielec at low conversion

stage.

@, x10°

Fig. 4. Plot of data presented by Balke and Hamielec at glass effect stage.
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Fig. 5. Effect of conversion on number-average molecular weight.

conversion stage, 0.54, is in the middle of three. More-
over, the varying trend of the apparent initiator efficiency
from low conversion to high conversion is consistent with
the theoretical study of Russell et al. [3] as mentioned in
Section 1.

In addition, it is observed from Figs. 2—4 that all of the
straight lines pass through the origin, which means that the
chain transfer to monomer can be neglected and the constant
of chain transfer to monomer equals to zero for MMA bulk
polymerization. This is consistent with the results in Refs.
[5,6].

On the basis of the apparent initiator efficiencies
obtained above, the number-average molecular weights
throughout the polymerization can be calculated by the
model proposed in this paper. The calculated results and
the experimental data given by Balke and Hamielec [10]
are compared in Figs. 5-10, which shows that the agree-
ment is satisfactory.

3.2. St bulk free radical polymerization

Similarly, the experimental data of number-average

J. Qin et al. / Polymer 43 (2002) 4859-4867
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Fig. 7. Effect of conversion on number-average molecular weight.

molecular weight for St bulk polymerization are also few
in the literature. Marten and Hamielec [14] referred the
data of Braks in their paper, the only data for this
purpose we found in the literature. Since the experi-
ments of Braks are limited to low conversion and gel
effect stages, the plots can only be performed for these
two stages as shown in Figs. 11 and 12. It is observed
from the figures that the apparent initiator efficiencies
reduce obviously from 0.45 at low conversion stage to
0.06 at gel effect stage.

Pan [5] and Marten and Hamielec [14] pointed out that
the termination by combination might play a major role in
the whole chain termination for St polymerization. Accord-
ing to this viewpoint, the fraction of termination rate
constants by disproportionation, ¢y, should be equal to
zero approximately. Therefore, the real initiator efficiencies
should be roughly equal to or somewhat less than 0.9 at low
conversion stage and 0.12 at gel effect stage, which are
twice the values of the apparent initiator efficiency obtained
above.

Moreover, the value of 0.9 at low conversion stage is

1.8 T T T T T T T T T
1.6 - 6 - : 973). izati .
Balke and Hamiclec (1973), MMA bulk polymerization Bajke and Hamielec (1973), MMA bulk polymerization
149 90°C, [1],70.5wt% (AIBN) T 5 70 M0 5w% (AIBN) 1
] ‘ ] O experimental points
) 1-2‘- ®  experimental points £=0.004, C =0 _ calculated value
= ; calculated value K,=0.45 - . 4 ]
= 1.0+ . . = £,-0.004, C_~0
| 2: Fh K.=0.9
0.8 b =37 ) i
£1=0.54, C,_=0 | & 9
_ x,=0.95
064 K33 : . 24 =054, C =0 =091+
'n u £/=04, C_~0 1 1 " e
0a] ) v k —7g’ m2 ] K =85
“7 5~ 80— £)=04' C,=0
x,=0.4004 y K188 |
0.2 1 1 x,=0.3350 2
0.0 T . T T y T 0 T s o4 o T ' '
- o 06 08 10 0.0 02 0.4 0.6 058 1.0
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Fig. 6. Effect of conversion on number-average molecular weight.

Fig. 8. Effect of conversion on number-average molecular weight.
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Fig. 9. Effect of conversion on number-average molecular weight.
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Fig. 10. Effect of conversion on number-average molecular weight.
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Fig. 11. Plot of data presented by Braks at low conversion stage.
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Fig. 12. Plot of data presented by Braks at gel effect stage.

approximately consistent with 0.8 recommended by
Pan [5] and 0.7 suggested by Marten and Hamielec
[14]. However, since the predicted initiator efficiencies
for St polymerization in this section reduce obviously
from low conversion stage to gel effect stage, the
concept proposed by Russell et al. [3] that the initiator
efficiencies only reduce slightly at intermediate con-
version probably cannot be extended to St bulk
polymerization.

It is also observed from the figures that all of the straight
lines pass through the origin and the chain transfer to mono-
mer can be neglected. Therefore, the constant of chain trans-
fer to monomer for St polymerization is also equal to zero as
that for MMA bulk polymerization.

Based on the apparent initiator efficiencies obtained and
the constant of chain transfer to monomer, the values of the
number-average molecular weight varying along with
conversions for St bulk polymerization can be calculated
and compared with the experimental data of Braks as
shown in Figs. 13 and 14. It is found that the agreement is
acceptable.

30 g T T T T T T T
254 Braks(1974) St bulk polymerization |
60°C, [1]0=0.024mol/L (AIBN)
20 1 B experimental points 4
“ — calculated value
=]
= 15 B
| = f,=0.06, C ,=0
10 f/=0.45,C, =0 e mt
K =4.08
- L] L}
5_ -~
x,=0.4961
0 T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
X

Fig. 13. Effect of conversion on number-average molecular weight.



4866 J. Qin et al. / Polymer 43 (2002) 4859-4867

45 T T T T T T
4.0 Braks(1974), St bulk polymerization 7
354  60°C, [11=0.01mol/L (AIBN) i
3‘0_- O experimental points i

? ] calculated value

= 254 .

><.=
| = 204 -
1.5 .
1.04 B
0.5+ B
0.0 T T T T T T T T
0.2 04 0.6 0.8 1.0
X

Fig. 14. Effect of conversion on number-average molecular weight.

1.8 T T T T T T T T T T T T T
1.6 1 EMA bulk polymerization -
low conversion stage
1.4 4 = 90°C [1],=3.2X10"mol/L .
o 70°C [1]=5X10"mol/L 1
S 1.2 -
><= /
127, 5 o ]
[+
0.8 - -
1 // £=0.5, C_=5.71X10" 1
0.6 - -
n
0.4 -
T T T T T T T T T T T T T
1.0 12 1.4 16 18 2.0 22
S
d)]xlo

Fig. 15. Plot of data presented by Cardenas and O’Driscoll at low conver-
sion stage.
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Fig. 16. Plot of data presented by Cardenas and O’Driscoll at gel effect
stage.
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Fig. 17. Effect of conversion on number-average molecular weight.

3.3. EMA bulk free radical polymerization

The data for EMA presented by Cardenas and O’Driscoll
[6] are similarly processed and the predicted number-
average molecular weights are then compared with the
experimental data as shown in Figs. 15—18.

Figs. 15 and 16 show that the chain transfers to monomer
for EMA bulk polymerization cannot be neglected. It is
found that the constants of chain transfer to monomer are
identical in the value of 5.71 X 107> and independent of
reaction temperature and initiator concentration for both
low conversion and gel stages. In addition, the apparent
initiator efficiencies at low conversion and gel effect stages
are also independent of reaction temperature and initiator
concentration with the values of 0.5 and 0.3, respectively.

Figs. 17 and 18 show that the predicted number-average
molecular weights well coincided with the experimental
results presented by Cardenas and O’Driscoll [6], which
means that the proposed model in this paper is also suitable
for EMA bulk polymerization.
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Fig. 18. Effect of conversion on number-average molecular weight.



J. Qin et al. / Polymer 43 (2002) 4859-4867 4867

4. Conclusions

1. By using the equations derived in this paper on the basis

of the TSPM, the apparent initiator efficiency and the
constant of chain transfer to monomer at each polymer-
ization stage can be determined. The calculated number-
average molecular weights varying with conversions
coincided very well with the experimental data.

. Chain transfer to monomer can be neglected for MMA
and St bulk polymerization. The values of the apparent
initiator efficiency are independent of reaction tempera-
ture and initiator concentration. In addition, the apparent
initiator efficiency for MMA bulk polymerization at gel
effect stage reduces slightly compared to that at low
conversion stage, but for St bulk polymerization it
reduces significantly at gel effect stage.

. On the other hand, the chain transfer to monomer for
EMA bulk polymerization cannot be neglected. The
constants of chain transfer to monomer at low conversion
stage and gel effect stage are the same with the value of
5.71 x 10” and independent of reaction temperature and
initiator concentration. The variation of the apparent
initiator efficiency at different polymerization stages is
similar to MMA bulk polymerization and also the values
are independent of reaction temperature and initiator
concentration.
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